
 

Abstract -- Based on the analysis of the motor parameters, 
an optimal drive current model of synchronous motor is 
derived with constrained optimal analysis. The results show 
that, if the inductances of the synchronous motor can be 
obtained accurately in the space domain, optimal current can 
be obtained which generates the required electromagnetic 
torque with minimum copper loss. Analysis elucidates the 
influence of the high order inductance harmonics to the torque 
ripple and the waveform of the optimal current. These 
harmonics cause the optimal drive current to be non-sinusoidal. 
However, the analysis proves that, in the idealized state, the 
optimal current is sinusoidal, and the optimal phase angle is 
determined by the motor inductances. The application of the 
model to reluctance motor is presented in the paper, and the 
results confirm the effectiveness of the presented current model 
and analysis method. 
 

Index Terms-- Optimal control, optimization method, 
reluctance motor drives, synchronous motor drives, torque 
control.   

I.  INTRODUCTION 
n this paper, the optimal drive current of synchronous 
motor is defined as the current which can generate the 

required constant electromagnetic (EM) torque with 
minimum copper loss. In the analysis, the motor parameters 
are independent to the drive currents. 

It is clear that the optimal drive current defined is 
expected to drive synchronous motors in all applications. 
Sinusoidal waveform has been accepted widely as the 
optimal current waveform in many applications. However, 
this paper will show that, when the high order harmonics of 
the winding inductances are included, the optimal drive 
current is not sinusoidal. Determining the optimal drive 
current is difficult as it is linked with a variational problem. 
Many motor parameters and constraint conditions have to be 
considered in the analysis. 

For simplifying the analysis in determining the optimal 
drive current, many literatures used the d-q model for 
analysis [1][2][3][4][5]. Such an analysis is based on the 
assumption that the waveform of the required current is 
sinusoidal. Using the d-q model, only the zero and first order 
harmonics of the armature winding inductances are 
considered. Using this model, the derivation of an optimal 
current is equivalent to the derivation of the amplitude and 
phase angle of the drive current for generating the required 
EM torque with minimum copper loss. In the following 
analysis, this sinusoidal current will be defined as Optimal 
Sinusoidal Drive (OSD) Current. OSD current has been 
widely used in many applications for reducing torque ripple 
and copper loss. 

However, there is still a question: Is the real optimal drive 
current of the synchronous motor sinusoidal? If it is not, 
what is the true optimal current and how can it been 
determined? And what is the difference between the 

influences of the “real optimal drive current” and OSD 
current? The following analysis will present a method to get 
the real optimal drive current, and the answers of the 
questions can be found in the analysis.    

II.   ELECTROMAGNETIC TORQUE GENERATED IN THE 
OPERATION OF SYNCHRONOUS MOTOR 

The EM energy stored in synchronous motor can be 
described as 
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where, [I] is the current in the motor windings, and [L(θ)] is 
the inductance of the windings. For the 3-phase synchronous 
motor,  
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In (2), If is the rotor field current which generates the 

exciting magnetic field through rotor field winding. In (3), Li 
means the self-inductance of the ith winding, and Mij means 
the mutual-inductance between the ith and jth phase windings. 
The subscript f means the parameters related with the rotor 
winding.   

The EM torque of the PMSM can be derived from its 
stored EM energy, 
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The Tem(θ) can be further expressed as, 
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In above equations TA(θ) is the alignment torque of the 
synchronous motor which is linearly proportional to the 
stator current [Is], and it is generated by the reaction between 
the stator field and rotor field. TR(θ) is the reluctance torque 
induced by the reaction between the stator current [Is] and 
the field produced by the stator current. Tcg is cogging 
torque caused by the reaction between the rotor field 
produced by If and the rotor equivalent current. 

In (6), the parameters are defined by 
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For a required EM torque T, when the neutral line of the 
armature winding is not used, it seems that the optimal 
current for the 3-phase synchronous motor can be described 
with the following optimization equation with two 
constrained conditions 
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However, it is possible that, in some cases, no current can 
generate the required torque T. Therefore, it is more 
meaningful to use the following equation to replace (8) for 
describing the optimal drive current [I(θ)], 
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From the constrained conditions to the drive currents in  
(8) and (9), we can know that, 

( )c a bI I I= − + ,     (10) 
and one of the unknowns, Ic, in (9) can be eliminated when 
(10) is used. The current mode can thus be changed to, 
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The equation can be further rewritten as 
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where, 
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and these coefficients are all the function of rotor position. 
Using Lagrange multipliers method, the constrained 

optimal problem can be described as 
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where, λ is a Lagrange multiplier to be solved. 
There are three unknown values to be solved in (14), and 

they are Ia, Ib and λ.  
To the both sides of (14), calculate the derivatives of Ia 

and Ib, separately, and rearranging the derived equations, the 
following simultaneous equations can be obtained, 
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, (15) 

From (15), the Lagrange multiplier, λ, can be eliminated, 
and the following equation can be obtained which describes 
the relationship between Ia and Ib,   
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If the airgap of the motor is smooth, both the reluctance 
and cogging torques of the synchronous motor are zero, like 
the case of the permanent magnet synchronous motor with 
surface mount magnet. In this case, the relationship between 
Ib and Ia determined by (16) can be simplified as 
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and the solution to Ib is 
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If the back-emf of the motor is sinusoidal, i.e., 
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the following result can be acquired, 
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where, p is the pole-pair of the motor,  
When (18) and (19) are used to replace the related items 

in (14), it can be known that, 
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                        (21) 
Therefore, for a 3-phase synchronous motor without 

reluctance torque and cogging torque, and the back-emf 
generated in the armature winding is sinusoidal, it can be 
known from (10), (20) and (21) that, the optimal drive 
current of the motor is, 
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that is , the drive current is also sinusoidal 
The result is quite meaningful as it confirms that the 

sinusoidal current is reasonable to some synchronous 
motors. The optimal drive current used in these “idealized” 
motors is just the OSD current. 

However, if the reluctance effects of the motor are 
considered, it means all the self and mutual inductances of 
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the motor must be considered, the analysis becomes quite 
complicated. Will the optimal current still be sinusoidal for 
the synchronous motor? 

III.   OPTIMAL DRIVE CURRENT OF RELUCTANCE MOTOR 
For a reluctance motor, there is no winding on the rotor. 

Therefore, A1, B1, C1 and F are thus zero; see (13). We can 
simplify (16) to 
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The current Ib can be obtained by solving (23) directly, 

and the result is,  
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i.e., Ib is linear related with Ia, but the coefficient, W, varies 
with the variation of the rotor position. Using (24), the 
optimal current can be determined easily if Ia is known. 
 For (25), in the case where its denominator is zero, it can 
be proven that, the following two results can be obtained 
respectively, 
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In the reluctance motor, TA and Tcg in (6) are zero, the EM 
torque contains only TR, the reluctance torque component, 
which can be used to determine Ia with (6),     
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Using the relationship shown in (24), the following 
equation can be obtained,  
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Therefore, using (10), (24) and (29), the optimal drive 

current of a reluctance motor can be determined if the self 
and mutual inductances of the motor are known. The 
magnitude of the current is linearly proportional to the 
square root of the torque required.  

Hence, if the parameters of the reluctance motor are 
known, motor optimal drive current for a reference torque 
can be calculated first and the result of the current can be 
saved in the memory of the driver. In the motor operation, 
the optimal current for other required torque can be easily 
determined by using (29).  

In (24) and (29), two solutions are contained in the 
equations. It is not difficult to select the correct solution 
through the power loss comparison, current continuity, and 
that the value in the square root must be positive. 

In [7], the coefficients shown in (13) are defined as the 
“identity” of the motor. In applying the optimal drive current 

to drive a reluctance motor, it is not required to get the 
curves of the inductance first and then calculate the 
“identity” of the motor. The identity can be obtained directly 
through test. The following testing steps can be used to 
obtain the identity of the reluctance motor, 
i. Input the unit current to the A-phase winding of the 

motor. Keep the current be constant, and then rotate the 
rotor of the motor. During the rotation, measure the 
torque variation in one revolution. From (6), The torque 
curve obtained is A2(θ) of (13); see (6) and (7); 

ii. When A2(θ) is known, B2(θ) and C2(θ) can be determined 
by using the following equations, 
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;          (30) 

iii. Input only the unit current to the A-phase and B-phase 
windings of the motor. With the current constant, rotate 
the rotor of the motor. During rotation, measure the 
torque variation in one revolution. The torque curve 
obtained is defined as Tab(θ). From (6) and (7),  M’ab of 
(13) can be determined by the following equation, 

'
2 2( ) ( ) ( ) ( )ab abM T A Bθ θ θ θ= − −

   

;        (31) 
iv. When M’ab(θ) is known, M’bc(θ) and M’ca(θ) can be 

determined by using the following equations, 
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In the EM analysis, finite element (FE) method can also 
be used to calculate the torque A2(θ) and Tab(θ). Using the 
same steps introduced above, all the identity components can 
be obtained with FE method. 

From (13), it can be known that, if the inductances of the 
motor contains a certain harmonics, the identity contains the 
same harmonics, though the amplitudes and phase angles of 
these two kinds of harmonics are different.    

IV. OPTIMAL DRIVE CURRENT OF THE RELUCTANCE MOTOR 
WITH FUNDAMENTAL INDUCTANCE 

To investigate the effects of the optimal drive current 
obtained in the last section, its application to drive an 
“idealized” reluctance motor is analyzed. For this reluctance 
motor with p pole-pairs, its inductances contains only the 
fundamental harmonics, i.e., 
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Replace the related items in (29) with the ones of (33), the 
following result can be obtained, 
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3( )a

T
L M

I S in pθ π= ± ⋅ +
+

,                 (34) 

From (34), it can be found that, for such a reluctance 
motor, the phase angle of its OSD current is not related to 
the motor parameters and load, and is a constant value. 
However, the amplitude of the OSD current is linked with 
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the motor inductances, and load torque. 
From (10) and (24), the following result can be further 

obtained, 
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Therefore, for the “idealized” reluctance motor, its 

optimal drive current is sinusoidal. This current is also an 
OSD current. It can thus be understood that using sinusoidal 
current to reduce the torque ripple and motor vibration is an 
interesting topic [8]. 

V.   OPTIMAL DRIVE CURRENT OF A SWITCHED RELUCTANCE 
MOTOR 

Switched reluctance motor is a motor whose inductance 
varies with the changing of the rotor position, and normally 
driven with pulse model. This pulse model is easy to realize, 
but can induce rich torque ripple in motor operation. For 
verifying the effectiveness of the optimal drive model 
obtained in above sections, here, the motor shown in Fig. 1 
is used in the analysis. This is a 3-phase motor. Through the 
performance analysis, the effective reluctance pole-pair of 
the motor is 8. The Star-connection is used for the 3-phase 
motor armature windings, and there is no neutral line.  

 

 
Fig. 1 SRM1: A switched reluctance motor 

 
FE method is used to calculate the “identity” of the motor. 

The motor will be called as SRM1 in short. Fig. 2 shows the 
magnetic field distribution of the motor in at 0°, where, only 
A-phase winding is excited. From the field distribution at 
different rotor positions with the constant Ia, A2(θ) can thus 
obtained with FEM.  In the same way, when A-phase and B-
phase were excited with the same constant current, Tab(θ) 
can be calculated. Using the calculation steps introduced in 
Section III, all the components of SRM1 “identity” can thus 
be obtained, and Fig. 3 shows the curves of the A2(θ) and 
M’ab(θ). Through Fourier series analysis, all the harmonics 

of the A2 and M’ab can be known, and the major items are 
shown in TABLE I.     

 
Fig. 2 The magnetic field distribution in SRM1when the rotor is at 0 degree 

and only A phase is excited 
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Fig. 3 The A2(θ) and M’ab(θ) of SRM1 

 
 

TABLE I The Harmonics Amplitude of SRM1 Identity 
Identity 

(mNm/A2) 
1st 

Order 
2nd 

Order 
3rd 

Order 
4th 

Order 
5th 

Order 
6th 

Order 

A2 219.85 46.634 66.59 18.89 34.82 12.07 
M’ab 21.384 23.496 26.46 11.54 4.22 12.83 
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Fig. 4 Case-1: The optimal drive current and the EM torque generated by 

the current (Only the fundamental identity is considered)  
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In order investigate the effects of the optimal drive 
current, four motor cases will be analyzed. In Case-1, only 
the fundamental harmonics of the identity are considered, 
i.e., SRM1 is considered as an idealized reluctance motor. 
As it was mentioned in Section IV, in this case, the optimal 
drive current is sinusoidal, and its expression is shown in(35)
. Fig. 4 shows the EM torque generated by the current, 
where, T in (29) is set at 4 Nm.  To simplify the curves, the 
results in the position range 0° to 180° are shown in the 
figure. It is same as the conclusion obtained in Section IV, 
using the OSD current and the optimal drive current, no 
torque ripple is induced in the motor operation. 

In the Case-2, only the 1st and 2nd order harmonics of the 
identity are considered, i.e., the motor inductances are 
considered formed only by the 1st and 2nd order harmonics. 
In the calculation, the torque T is still set at 4 Nm. The 
torque generated by the optimal drive current and OSD 
current are shown in Fig. 5. The 3 phase optimal drive 
currents are also shown in the figure. In this case, as it is 
shown in Fig. 5, OSD current cannot generate constant 
torque, but the optimal drive current can still eliminate the 
torque ripple. The effects of the latter can thus be fully 
revealed and confirmed. 
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Fig. 5 Case-2: The torque generated by the optimal drive current and OSD 

current (Only the 1st and 2nd order identity harmonics are considered)  
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Fig. 6 Case-3: The torque generated by the optimal drive current and OSD 

current (Only the 1st to 3rd identity harmonics are considered) 
 
For the 3-phase motor, the triple order torque ripple is 

normally considered as the ones which are difficult to be 

eliminated with drive currents. What is the effect of the 
optimal drive current to this kind of torque ripple? In the 
Case-3, 3rd harmonic is considered. That is, in this case, 
SRM1’s inductances are considered to be formed only by the 
1st, 2nd and 3rd harmonics. Simulation results show that the 
optimal drive current can still generate constant EM torque 
when the 3rd order harmonics are considered. The current 
waveform and the torque generated are also shown in Fig. 6. 
From the figure, it can be seen that the OSD current can’t 
reduce the torque ripple. Comparing with the result of Case-
2, the existence of the 3rd order harmonics identity worsens 
the torque ripple introduced by the OSD current.  

What will happen when all the harmonics of the identity 
are considered? i.e., what is the result to the “real” SRM1? 
This is Case-4, where, the identity shown in Fig. 3 is used 
directly in the calculation. The optimal drive current, and the 
torques generated by OSD and optimal drive currents, are 
shown in Fig. 7. Comparing the results shown in Fig. 7 and 
the ones obtained in the Case-1 to Case-3, it can be known 
that the rich harmonics of the motor identity make the torque 
ripple be more complicated when the OSD current is used. 
However, the effectiveness of the optimal drive current is 
confirmed again in the Case-4.  
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Fig. 7 Case-4: OSD current and optimal drive current (All inductance 

harmonics are considered)  
 

For making the influence of high order inductance 
harmonics be clear, TABLE II shows the ratios of torque 
ripple of the 4 cases separately. The torque ripple ratio, Rtr is 
defined as 

m a x m in

2 a v e
tr

T T
T

R −
= ,                 (36) 

where, Tmax and Tmin are the maximum and minimum torque 
during the motor operation. Tave is the average torque in one 
revolution.  

 
TABLE II  The Torque Ripple Ratio of SRM1 In The Four Cases 

Case 1 2 3 4 
Rtr of the OSD current 0.00% 28.80% 53.23% 58.95% 
Rtr of the optimal drive 

current 
0.00% 0.00% 0.00% 0.00% 

 
TABLE III shows the copper loss of the optimal drive 
currents in the 4 cases, where, the loss of the OSD current is 
used as the reference for the comparing. As the OSD current 
in the four cases are same, it is no need to compare its losses 
in these four cases.    
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TABLE III  The Copper Loss of SRM1 In The Four Cases 
Case 1 2 3 4 

Copper loss induced by 
optimal drive current 

1.0000 1.0219 1.1285 1.0825 

 
From TABLE II, it can be found that, as more harmonics 

are included in the motor inductances, the torque ripple is 
induced by OSD current worsened correspondingly.  

Comparing the optimal drive current waveforms shown in 
Fig. 4 to Fig. 7, it can be known that, when the harmonics of 
the identity become richer and richer, the waveforms of the 
current become more and more complicated. TABLE III 
shows that, generally, the complexity of the current increases 
the copper loss.  However, from the constrained conditions 
shown in (9), it can be known that the optimal drive current 
can keep the EM torque constant with minimum copper loss. 
Here, the loss of OSD current is just used as a reference. 
Comparing directly the losses of the optimal drive current 
with OSD current bear little significance as the latter 
introduces torque ripples as in Case-2 to Case-4.  

VI.  CONCLUSIONS 
The simulation results have confirmed the effectiveness of 

the general model presented for calculating the optimal drive 
current of synchronous motor. Using the model, it can be 
proved that, when the reluctance torque is zero and back-emf 
varies sinusoidal in space domain, the optimal drive current 
is sinusoidal. It can also be proved that, for the reluctance 
motor containing only the fundamental inductance 
component, its optimal drive current is still sinusoidal. Both 
of these results are consistent with the traditional 
considerations in the electric machine analysis.  

The “identity” of the motor is a very useful concept in 
determining the optimal drive current, and is easy to be 
obtained through FE analysis and testing. Analysis shows 
that, when the identity of the reluctance motor contains high 
order harmonics, the optimal drive current of the motor is 
not sinusoidal, and the sinusoidal current is very weak in 
reducing the torque ripple. However, using the presented 
current model, the torque ripple can still be eliminated with 
the lowest copper loss. The effectiveness of the presented 
model and analysis method has been verified in many 
applications.   
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