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Estimation of Back-EMF of PM BLDC Motors
Using Derivative of FE Solutions

C. Bi, Z. J. Liu, and S. X. Chen, Member, IEEE

Abstract—Based on finite element analysis, an effective method
is developed to estimate the back-emf produced in electric ma-
chines during operation. For a given rotor position, the method
utilizes only one finite element solution in its computation, and no
numerical derivative is required. The accuracy of the back-emf
estimated can thus be improved, and the computing time can
be reduced. Computational results obtained from the proposed
method to calculate the back-emf of permanent magnet brushless
DC motor is introduced in the paper.

Index Terms—Finite element, back-emf, motor.

I. INTRODUCTION

F INITE Element (FE) method is a powerful tool in the anal-
ysis of the electromagnetic (EM) field in electric machines.

Based on the FE analysis, the distribution of the magnetic poten-
tial can be found, and EM characteristics of the machine can thus
be derived through the post-processing of FE analysis. However,
many of such post-processing procedures are time consuming,
and the accuracy of the results varies from case to case de-
pending on the type of numerical methods applied. In the paper,
the discussion will be around the estimation of the voltage-con-
stant of the machine, and the back-emf of electric machines gen-
erated in the machine operation by using the results of FE anal-
ysis.

It is well known that , the back-emf generated in the arma-
ture winding is caused by the variation of the flux linked with
the winding, and their relationship can be expressed as,

(1)

where, is the flux-linkage of the armature winding.
For simplifying the explanation, the following analysis

focuses on the no-load operation of permanent magnet (PM)
brushless (BLDC) motors. In such cases, the armature current
of the motor is zero, and the EM field of the machine is only
produced by the magnet poles mounted on the rotor.

Using FE mesh, the flux linkage of the winding can be ex-
pressed as

(2)

where, is the flux-linkage associated with the winding in
the element and are the flux and winding turns in,
respectively.
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For a 2D EM problem, it is well known that the flux can be
expressed by using the distribution of the vector magnetic po-
tential in the problem region, that is

(3)

where, the subscriptsand represent the position pair located
at the two ends of the coil. and are the average value of
the potentials in elements and respectively.

As the flux can be described by using the magnetic potential,
(2) may be rewritten as:

(4)

Therefore, can also be considered as the sum of the contri-
butions of the elements in the armature coil region, that is

(5)

Take the contribution of elementto analyze, and define

(6)

and

(7)

As the variation of is caused by the rotor rotation, the
back-emf in (7) can be rewritten as,

(8)

where, is the angular speed of the rotor.
The relationship between the potential, rotor position and

rotor speed is described clearly in (8). However, this equation
relates to FE solutions, and is not readily applicable to calculate
the back-emf directly due to the existence of the derivative term

.
For realizing the computation, in generally, the derivative in

(8) is replaced by a numerical derivative, that is, the difference of
magnetic potential with respect to rotor position [1]–[3]. For cal-
culating such a potential difference, several FE solutions have
to be used. When only two solutions are used, the equation is,

(9)
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where, and are the two FE solutions at the given rotor
position, and is the rotor position displacement pertinent to
related these two solutions.

We define the voltage-constant of the motor as

(10)

From the viewpoint of FE analysis, the voltage constant
can also be considered as the sum of the contribution from each
element in the winding area,

(11)

where, is the contribution of the element. From (8) and
(10), it can be found that

(12)

For calculating , the derivative in (12) can be replaced by
the displacement of the rotor position, that is

(13)

Therefore, in the computation of the voltage-constant, at least
two FE solutions are also necessary for the given rotor position.

In the application of (9) and (13) to the computation of
the back-emf and voltage-constant, the necessity of using
two, or more, FE solutions causes many problems. Multiple
FE solutions adjacent to the given position are required. The
back-emf and voltage-constant cannot be calculated directly
from one FE solution for the given position. This leads to an
increase in the computer time. If we desire a better accuracy
in computing derivatives, the FE solutions should be obtained
by using meshes with very small displacement. However, such
a computation will easily cause the loss of significant figures,
and error in the results may thus augmented.

Searching for the optimal step length of the displacement
in (9) and (13) and rearranging the mesh accordingly usually re-
quire professional judgements and experience in using FE anal-
ysis. This causes computing overhead and is extremely undesir-
able, if the FE analysis is to be used as a design optimization
tool.

The new method introduced in the following section is devel-
oped from the consideration how to avoid the problems caused
by the numerical derivative. The method needs only one FE so-
lution to compute the back-emf.

II. COMPUTING BACK-EMF WITH SINGLE-FE-SOLUTION

METHOD

In the FE analysis, the potential distribution is obtained from
the solution of following equation,

(14)

where, is the FE stiffness matrix, is the node potential
vector. The value of in the stiffness matrix is related to the
following items:

1. FE mesh used to subdivide the machine region;

Fig. 1. Variation of airgap elements in the rotor moving (There is one layer of
airgap elements. The elements before moving are the ones with solid lines).

2. The materials used in the machine; and
3. The relative position between the stator and rotor.
The second item makes the FE equation be nonlinear as the

materials used in the stator and rotor of the machine are non-
linear in their magnetic characteristics. The last item shows that,

is a function of rotor position and different FE meshes are
needed to describe the FE relationship between the stator and
rotor and in the rotor movement.

For the value in the right hand vector, in addition to its re-
lationship with the materials of the machine and FE mesh used,
it is also the function of exciting current sources in the problem
region.

After the rotor of the machine is rotated with a degree, the
stator and rotor regions can still be described by using the same
FE meshes. Only the coordinates of the nodes of the rotor mesh
should be moved with the degree, but the airgap mesh must be
adjusted, see Fig. 1. If such angular displacement is small and
within a certain value, we can keep the airgap element topology,
and change only the shape of the related elements in the airgap,
see Fig. 1.

Calculating the derivative of both sides of (14) with respect
to the rotor angular position, we have,

(15)

As there is no current in the airgap of the motor,is inde-
pendent of the airgap elements. Therefore, the movement of the
rotor cannot affect the value of the right hand vector of (14).
That means, is always zero. Equation (15) can thus be
rewritten as

(16)

As it has been discussed before, when the motor moves with
a micro angle, we can analyze the effects of the movement
with the same mesh topology. Therefore, when the motor areas
have been subdivided by FE mesh, it is not difficult to calculate

from the expression of . For simplifying the expla-
nation, the following analysis will use the triangle element mesh
in the analysis. For this kind of FE mesh, in the stiffness ma-
trix of (14) and (16) are determined by [4], [5],

(17)
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where, is the reluctivity of the material in the element.
and are the functions of the coordinates of the nodes [4], [5].

is the area of the triangle, and it is certainly the function of
the node coordinates.

For linear problems, the reluctivityin (17) is constant. How-
ever, as mentioned above, a slight movement of the rotor causes
some airgap elements to change their shape and the nodal co-
ordinates. These changes will certainly change the value of.
The following equation can thus be obtained,

(18)

It is clear, when the expression for is given, it is not diffi-
cult to calculate its derivative . From this point of view,
in (16), all the matrixes, except the vector , are known after
the FE solution has been obtained. Therefore, the derivative
can be obtained by solving (16) directly.

For nonlinear problems, the reluctivityin (17) is not a con-
stant. However, the following equation can be used to calculate
the derivative,

(19)

Consider that the reluctivity is a function of flux density in
the element, the derivative can be described by

(20)

where, is the flux density in the element, is the potential
on the nodes of the element.

Therefore, for a nonlinear problem, the derivative is
also a function of the derivative , that is, the function of

. This make the role of the magnetic potential more com-
plicated. However, from (16) to (20), it is not difficult to obtain
the following equation,

(21)

where, is determined by the characteristic of nonlinear mag-
netic materials and the distribution of . The right hand vector

has the same meaning as in the cases of linear problems, see
(16).

After the FE equation described by (14) has been solved,
the potential distribution is obtained. The flux density in
each element, and then the reluctivity of materials, can thus
be known. All these show that, we can build up the matrixes

and after obtaining FE solution. Therefore, the
derivative in the nonlinear problems can still be ob-
tained through solving (21), an algebraic system of equations,
in the post processing stage of FE analysis.

As the derivative is known, the back-emf of the
armature windings and the voltage-constant of the motor
can be readily computed by using (8) and (12) respectively.
In such computations, for every given rotor position, calcu-
lating back-emf requires only a single FE solution. In the

Fig. 2. Field distribution in the motor.

following sections, such a computation method will be called
Single-FE-Solution-Method, and SSM for short.

III. T HE APPLICATION OFSSM

The authors have used SSM in the design and analysis of dif-
ferent kinds of PM BLDC and synchronous motors. These appli-
cations show that SSM is effective in the estimation of back-emf
and voltage-constant of the motors. In this section, one of these
applications is described in details to express the effects of the
proposed method.

Consider a spindle motor used in a 3.5hard disk drive. This
is a 3-Phase PM BLDC motor with outer rotor. There are 12
stator slots and four pole-pairs. The field distribution of the
motor is also shown in Fig. 2, which is obtained by using FE
method.

In the FE analysis for this spindle motor, the triangle elements
are used. In the computation, the flux linkage in one element is
processed as

(22)

where, is the element area, is the winding area in one
slot, and is the turns of one phase winding in a slot.
and are the potential values of the three element nodes.

The SSM is used to compute the back-emf of the armature
windings generated in the motor operation with speed 5400 rpm,
and the results are shown in Fig. 3.

From the analysis in Section II, SSM can be used to calculate
the back-emf produced in many kinds of electric machines. The
reason for taking the spindle motor as example here is due to
the readiness of the test data to check the effects of the analysis
result. Fig. 4 shows the testing result at 5400 rpm. Filtering the
EM noise produced in the data sampling and comparing with
the computation result obtained with SSM which is shown in
Fig. 3, these results agree well.
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Fig. 3. The back-emf estimated by using SSM (Speed: 5400 rpm).

Fig. 4. Testing results of the Back-Emf generated at 5400 rpm.

The Voltage-Constant of the motor is also calculated by using
SSM and experimental measurements, as given in Table I.

In the research, the authors applied also the Numerical
Differentiation Approach as described by (9) to calculate the
back-emf. In order to achieve better accuracy, a “half-step
forward, and half-step backward” strategy is used, and the step
length shown in (9) is adjusted. It was found, when is
reduced less than 2 degree but larger than 0.2 degree, the results
converge, and they are very close to that obtained from SSM.
This confirms also the effectiveness of the SSM in back-emf
estimation.

IV. CONCLUSIONS

The back-emf and voltage-constant of PM motors can be
estimated by using the numerical differentiation approach in
the post processing of FE analysis. However, such approach
suffered many drawbacks. Firstly, multiple FE solutions for one
rotor position are required, resulting in higher cost in computer
time consumption. The successfulness of the computational
process relies heavily on the user’s judgement and experience.
Secondly, since these solutions are computed on the different
but very similar domain and boundary conditions, the process

TABLE I
VOLTAGE-CONSTANT OF THESPINDLE MOTOR

is prone to numerical errors. There may be a considerable loss
of significant figures in the computation. On the other hand, it
is apparent that large step length will lead to poor accuracy in
the derivative computation as described in (9) and (13).

The method presented in the paper utilizes only one FE solu-
tion to compute the back-emf and voltage-constant at the given
rotor position. It uses the derivative of the potential directly in
the computation. The problems caused by using the numerical
differentiation can be avoided.

In the paper, an algorithm for calculating the derivative of the
magnetic potential with respect to rotor position is introduced.
The algorithm can calculate the derivative conveniently in the
post processing of FE analysis.

Both theoretical analysis and numerical computation show
the effectiveness of SSM. It is effective for both linear and non-
linear problems.

Though the analysis of the paper focuses on the PM BLDC
motors, it is apparent that, SSM is also applicable in the design
and analysis of other kinds of electric machines.
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